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Abstract. The article presents a method for calculating the magnetic system using the finite difference method 
for the axisymmetric system. The finite difference method for constructing a model of the generator’s magnetic 
field allows integrating differential equations into partial derivatives by reducing the equations in finite 
differences. A special feature of the presented calculation method is the automation of determining the 
boundaries of the media interface, by taking into account the magnetic resistance of adjacent nodes relative to 
the calculated node. The main characteristic of a magnetic field is magnetic induction, which is a vector quantity. 
Magnetic induction is calculated based on the distribution pattern of the magnetic potential. Based on the 
Poisson and Laplace equations presented in the article, a computer program was developed for automating the 
calculation of the magnetic induction vector. The results of the program for calculating the magnetic field pattern 
on the example of a synchronous generator with a two-circuit magnetic system used as a part of a wind generator 
are presented. Graphical dependences of the change in the value of magnetic induction inside the stator coil of a 
synchronous generator are constructed for a rotor with an external magnetic circuit, for a rotor with an internal 
magnetic circuit, and for a rotor with two magnetic circuits simultaneously. In the calculation of the magnetic 
system, as presented in article, by the method of the example synchronous generator with dual magnetic system, 
the maximum value of magnetic induction, penetrating the winding of the synchronous generator along the axis 
r, when the internal circuit is 0.21 T, using the external loop, the value of the magnetic induction vector is 0.283 
T. When using a two-circuit system, the value of the magnetic induction vector is 0.483 T. 
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Introduction 

Let us consider the method of calculating the magnetic system by the finite difference method on 
the example of a synchronous generator with a two-circuit magnetic system [1; 2]. The finite 
difference method for constructing a model of the generator magnetic field allows integrating 
differential equations into partial derivatives by reducing the equations in finite differences [3-6]. 

The main problem that arises when calculating magnetic fields by this method, is the inability to 
account for the boundaries of media of different materials, so this article offers an improvement of this 
calculation method, which allows to determine the boundaries of media of materials, which allows to 
automate the calculation process. The synchronous generator under study has: an axis of symmetry, a 
magnetic system, a winding, permanent neodymium magnets, electric and magnetic fields. The main 
characteristic of the magnetic field is the magnetic induction In, which is a vector quantity. Magnetic 
induction is calculated based on the distribution pattern of the magnetic potential. 

The calculation of a synchronous generator with a two-circuit magnetic system is based on a 
vector mathematical model. The advantage of the finite difference method is the ability to create a 
computer program for calculating magnetic fields. Let us present a scheme for calculating the 
synchronous generator sector in Figure 1. The grid step on r – 0.5 mm, on z – 1º. 

As shown in Figure 1, we calculate the distribution of the magnetic potential vector of a 
synchronous generator, while for the axisymmetric case, the angle changes from -25° to 25° along the 
Z axis, and all elements along the R axis of the magnetic system are located in the coordinates from 
103 to 180 mm along the R axis. 

Materials and methods 

The specific magnetic resistance of a material is determined from expression (1). 

 ν=
1

µ
0
µ  (1) 

where μ0 – magnetic permeability of vacuum; 
 μ – relative magnetic permeability of a substance. 
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A permanent magnet can be described by specifying the coercive force. The coercive force is 
considered as a piecewise constant function of coordinates. Its contribution to the equation is 
equivalent to surface currents flowing along the boundaries of permanent magnets. The effective 
current flowing along the upper boundary of the magnet is numerically equal to Hc, and on the lower 
border of the magnet – Hc. 

 

Fig. 1. Grid on the synchronous generator sector 

The Poisson equation is represented by expression (2). 

 
∂

∂r (ν 1r
∂ (rA)
∂r )+ ∂∂ z (ν ∂ A∂ z )= j+(

∂H cr

∂ z
+
∂ H cz

∂r )   (2) 

where  r,z – coordinates of the axisymmetric model; 
 А – magnetic potential; 
 Hc – coercive force of a permanent magnet; 
 j – current density in the conductor. 

The current density is a constant value in the conductor block and is determined from expression 
(3). 

 j= jst+ jv   (3) 

 j st=g ·gradU   (4) 

 j v=g
∂ A

∂t   (5) 

where jst – third-party conductor current, A; 
 jv – eddy current, A; 
 g – electrical conductivity of the material, Cmm-1; 
 U – electrical potential applied to the conductor, V. 

The synchronous generator is an axisymmetric system, therefore, to calculate the electromagnetic 
field, it is necessary to use the Poisson and Laplace equations in cylindrical coordinates. 

 
1

r

∂

∂r (r
∂ A

∂ r )+
∂
2
A

∂z
2
=µ µ0 J   (6) 
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∂z
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=0     (8) 

Expression (6) is used for calculating the magnetizing coil, (7) – for calculating permanent 
magnets, (8) – for calculating the magnetic core and non-current-carrying parts. 

When using the theory of finite differences, it is sufficient to replace the field equations with a 
system of equations in finite differences that connect the values of the potential function A at discrete 
points. 

The application of the difference potential method begins with the overlay of the grid on the study 
area, as shown in Figure 1. The study area is covered by a grid in r increments hr = |r2-r1|, by z in 
increments hz = r·sin(|ϕ2-ϕ1|). The grid step along the z axis is determined by the cosine of the rotation 
angle module |ϕ2-ϕ1| values r. 

In the Poisson and Laplace formulas, partial derivatives are replaced by finite-difference 
approximations from the Taylor equation, as a result, we obtain the following expressions: 

 

∂
2
A

∂r
2

∣r , z≈
Ar+1 , z− 2 A r , z+A r − 1 , z

hrhz   (9) 

 

∂
2
A

∂ z
2
∣r , z≈

Ar ,z+1− 2 A r , z+A r , z − 1
hrhz   (10) 

Substituting expressions (9) and (10) in expressions (6) and (7), we get 

 Ar+1 , z+Ar −1 , z+A r , z+1+A r , z − 1 − (4 − hr+hz2 i )A r , z − 4
hrhz

ν
J=0   (11) 

 Ar+1 , z+Ar −1 , z+A r , z+1+A r , z − 1 − (4 − hr+hz2 i )A r , z − 4
hrhzHC

ν
=0   (12) 

 Ar+1 , z+Ar −1 , z+A r , z+1+A r , z − 1 − (4 − hr+hz2 i )A r , z=0  (13) 

Expressions (11-13) are used to calculate the magnetic potential in the internal nodes of the 
generator. 

The nodes lying in the zone of the magnetizing coil are determined from expression (11), the 
nodes lying in the zone of the permanent magnet are determined from expression (12), taking into 
account the magnetic potential of the coercive force of the magnet, the nodes lying in the zone of the 
magnetic pipeline and the air space are calculated from expression (13). 

The design of a synchronous generator is such that it contains the separation boundaries of 
magnetizing and non-magnetizing media, that is, it contains the boundaries separating surfaces with 
different magnetic permittivity. 

Consider a synchronous generator node containing a magnetizing substance (permanent magnet) 
and a non-conducting medium. 

Assume that point 3 belongs to a permanent magnet, which magnetic potential corresponds to the 
coercive force of the permanent magnet, point 1 belongs to a de -energized region (air). 2 and 4 belong 
to both regions and are located on the media section. Boundary conditions of the first kind give 
equality of magnetic potentials located at the interface, that is Аа = Аb. From the condition of 
continuity of the first derivative, when the magnetic flux lines of force passing through the interface 
equality of the normal components follow ∂A/∂n for both areas, the result is: 
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 νa
∂ Aa

∂n
=νb

∂ Ab

∂n
  (14) 

Approximating expression (14), we get 

 νa(Aa1 − Aa3)=νb (Ab1 − Ab3)   (15) 

Given expression (15) and the node configuration shown in Figure 2, we get 

 2νb Ab1+(νa+νb)A2+2νa Aa3+(νa+νb) A4+ 

 +(νa+νb)(hr+hz2 i
− 4)A0− 4 hrhzHC

(νa+νb)
=0   (16) 

 2νb Ab1+(νa+νb)A2+2νa Aa3+(νa+νb) A4+¿ 

 +(νa+νb)(hr+hz2 i
 − 4)A0=0   (17) 

Formula (16) is used for calculating magnetic and non-conducting surfaces, (17) for calculating 
only non-conducting surfaces. 

 

Fig. 2. Node lying on a section of two media: a magnet and a non- conducting part 

When calculating magnetic fields using expressions (16) and (17), it is necessary to determine the 
boundaries of the separation of media, which does not allow to unify this calculation, since the 
configuration of the magnetic system of the synchronous generator and its elements may change. In 
this regard, to unify the calculation of any magnetic system, it is necessary to determine mathematical 
dependencies that allow for the separation of media with different magnetic resistance. 

To do this, we improve the method of finite differences. For an explanation, we give the same 
node as in Figure 2, taking into account the magnetic resistance of the nodes that are connected to the 
points. 

 

Fig. 3. Node for calculating the magnetic potential taking into account the separation of media 
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Calculation of the magnetic potential at the point Az,r is calculated based on the magnetic 
potentials at the points Az-1,r Az + 1,r Az,r-1 Az,r + 1. To determine whether these points are located on the 
media section, the magnetic resistance of the points associated with them is taken into account.  

For example, for the point Az + 1,r the magnetic resistance of points is determined Az-1,r + 1 Az + 1,r + 1, 
if it is the same, then the point Az + 1,r it is not located on the media section, if it is different, then the 
average magnetic resistance of the points is applied for this point Az-1,r + 1 Az + 1,r + 1. 

The calculation is performed in the same way, for example, for the point Az-1,r the magnetic 
resistance of points is determined Az-1,r + 1 Az + 1,r-1, if it is the same, then the point Az-1,r it is not located 
on the media section, if it is different, then the average magnetic resistance of the points is applied for 
this point Az-1,r + 1 Az-1,r + 1. 

Thus, it is possible to unify the calculation of any axisymmetric magnetic system, accounting for 
the media partition in which it is made, using the magnetic resistances of conjugate points to the points 
of the calculation node. 

Thus, taking into account expressions (11-13) and the proposed improvement of the finite 
difference method for calculating the magnetic field of a synchronous generator, we obtain 
expressions (18-20) for calculating the magnetic potential at a point. 

Expression (18) is used to calculate the magnetic potential of current-carrying surfaces, 
expression (19) is used to calculate the magnetic potential of permanent magnets, and expression (20) 
is used to calculate the magnetic potential of non-current-carrying parts. 

Based on the obtained expressions (18-20), we will perform mathematical modeling of the 
magnetic potential distribution in the sector of a synchronous generator with a two-circuit magnetic 
system. 

Denoted Σν2=ν Az− 1, r+1+ν Az+1,r+1; Σ ν3=ν Az+1, r+1+ν A z+1,r− 1; 
Σ ν

4
=ν A z− 1 ,r− 1+ν A z+1 , r− 1 ;  

Σ ν
1
=νA z−1 , r−1+ν Az− 1,r+1 ; Σ ν=ν Az− 1, r+1+ν A z+1, r+1+ν A z− 1 ,r− 1+ν A z+1 ,r−1 get 

 
A z ,r=

(A z ,r+1(Σν2)+A z+1 ,r (Σ ν3 )+A z ,r− 1(Σ ν4 )+A z− 1 ,r (Σν1 ))

(12 Σ ν(4 − hr+hz2i ))
 −
hrhz J

ν Az ,r    (18) 

 
A z ,r=

(A z ,r+1 (Σ ν2 )+A z+1 ,r (Σ ν3)+A z ,r− 1(Σν4)+A z− 1 ,r (Σν1 ))

(12 Σ ν(4 − hr+hz2i ))
 −
hrhzHC

ν Az , r   (19) 

 
A z ,r=

(A z ,r+1(Σν2)+A z+1 ,r (Σν3)+A z ,r− 1(Σν4)+A z− 1 ,r (Σν1))

(12 Σν(4 − hr+hz2i ))   (20) 

To do this, we use the following sequence of actions to perform the calculation. 

1. The MS Excel program creates a synchronous generator material model with a symbol in each 
cell. 

2. Based on the created map, the following tab in the MS Excel table sets the magnetic permeability 
for each material. 

3. Initial magnetic potentials equal to 0 are set for all cells. 
4. The following table sets the values of the coercive force for each cell of the neodymium magnet, 

the values of the cells of the other materials are assumed to be 0. 
5. In our case, the calculated field has 180 by 48 cells, which determines the necessary number of 

calculations in the cycle to obtain a picture of the distribution of the magnetic potential. The 
number of cycles to calculate is 8640. 

6. The magnetic field of the generator is calculated in stationary mode, that is, without current 
flowing through its winding. Expressions (19) and (20) are used for this purpose. 
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7. According to the obtained picture of the distribution of the magnetic potential, the magnetic 
induction vector in r and z is found. 

The magnetic induction vector is determined from expressions (20), (21). 

 B=rot A  (20) 

 Bz=
1

r

∂ A

∂r
,
 Br=

∂ A

∂z    (21) 

1. We construct an axisymmetric system of the induction vector B. 
2. A graph of magnetic induction is plotted along the middle line of the generator winding in the 

direction of the R axis. 

When modeling the magnetic field distribution of a synchronous generator, the following values 
were taken: the coercive force of a niodymium magnet of the N40 – 979000 A·m-1 brand ; the 
magnetic permeability of the synchronous generator magnetic core – 2.3·10-2 GH·m-1; magnetic 
permeability of air – 1.256·10-6 GH·m-1; magnetic permeability of copper – 1.256·10-6 GH·m-1; 
magnetic permeability of neodymium magnet – 1.32·10-6 GH·m-1. 

Neodymium magnet is a magnetohard material , the value of the magnetic potential at the point is 
determined by the magnitude of the coercive force. Neighboring nodes have a slight influence on the 
level of magnetic potential of the calculated node of the neodymium magnet, which is associated with 
the hysteresis loop of this magnet. 

Results and discussion 

Mathematical modeling is performed for the following cases: synchronous generator with an 
external magnetic circuit, with an internal magnetic circuit, and with two circuits.The magnetic 
induction vector on the synchronous generator sector plan is shown in the following figures. 

 

Fig. 4. Magnetic induction vector on the plan of the generator sector  

with external and internal magnetic circuits 

 

Fig. 5. Magnetic induction vector on the plan of the generator sector  

with an external magnetic circuit 
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Fig. 6. Magnetic induction vector on the plan of the generator sector  

with an internal magnetic circuit 

Figures 4-6 show the distribution of the magnetic induction vector from the calculated nodes. Let 
us plot the magnetic induction vector Br, along the z axis passing through the middle of the 
synchronous generator winding, as shown above. 

The obtained results of calculating the magnetic field pattern are in good agreement with the 
results of calculation in the FEMM and ELCUT programs, which indicates a high accuracy of 
calculation using this method for axisymmetric systems. 

 

Fig. 7. Graphs of changes in the magnetic induction vector Br along the length of the generator 

winding: 1 – two circuits; 2 – external circuit; 3 – internal circuit 

Conclusions 

1. Using the proposed method for calculating the magnetic system allows to automate the calculation 
process by using the proposed method for determining the boundaries of media materials. 

2. The mathematical modeling on the example of calculation of the magnetic system of the 
synchronous generator showed that the maximum value of the magnetic induction Br, penetrating 
the winding of the synchronous generator along the axis r, when the internal circuit is 0.21 T, 
using the external loop, the value of the magnetic induction vector is 0.283 T. When using a two-
circuit system, the value of the magnetic induction vector Br is 0.483 T, which proves the 
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effectiveness of using a two-circuit magnetic system of a synchronous generator with permanent 
magnets. 
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